We have described a novel way to determine the Mueller matrix of any optical element by using projection method. For this purpose, we have used two universal SU(2) gadgets for polarization optics to obtain projection matrix directly from the experiment. Mueller matrix has been determined using the experimentally obtained projection matrix for three known optical elements namely free space, half wave plate and quarter wave plate. Experimental matrices are in good agreement with the corresponding theoretical matrices. The error is minimized as the experimental conditions remains same for all measurements since we have used a fixed set of polarization optics i.e. there is no removal or insertion of an optical component during the experiment.
Introduction
To characterise the polarization changes in a given light beam due to any optical element, one needs to find its Mueller matrix. From the Mueller matrix, we can obtain the information about the retardation, the diattenuation and the depolarization of light after passing through any optical element [1, 2] . Determination of Mueller matrix have diverse applications in various fields such as tomography [3] , micro-electronics [4] , geoscience [5] , astronomy [6] , study of polarization changes in vortex beams [7] , liquid crystals and characterisation of undesired modulation introduced by a spatial light modulator [8] . Along with these, determination of Mueller matrix in optical coherence tomography gives the birefringence and the orientation of optic axis with respect to the incident beam for a given sample [9] .
A three component SU(2) gadget for polarization optics is developed by Simon and Mukunda, can be used to generate any polarization state on the Poincaré sphere from a given arbitrary input polarization state [10] . This gadget called Simon-Mukunda polarization gadget [11] consists of one half wave plate (H) and two quarter wave plates (Q); the polarization states can be obtained by changing the rotation of their fast axes appropriately [12] . One can use SM gadget in different configurations such as Q-H-Q, Q-Q-H and H-Q-Q. However, we have used Q-H-Q configuration only. Recently, the principle of SM gadget for determining the polarization states has been used in variety of applications [13] [14] [15] . In the depolarization studies of light beams due to polar mesospheric cloud, Lidar can introduce additional polarization changes to the receiving signal. To compensate these changes, Hayman et.al. have used the principle of SM gadget [13] . Schilling et. al. presented a theoretical scheme to determine the higher order correlations in a single light beam by introducing proper unitary transformations to the input state with SM gadget [14] . While measuring the Pancharatnam phase of a polarization state with techniques of interferometry and polarimetry, Loredo et. al. have used SM gadget [15] . However, in the present study, we have used it to find out the Mueller matrix of a given optical element. We have used two SM gadgets; one for the generation of input polarization states and another for obtaining the projections of each output state on a given set of four input states. To the best of our knowledge, we are the first to demonstrate the use of this gadget to determine the Mueller matrix.
In conventional approach, Mueller matrix is determined by measuring the output Stoke's parameters of a given light beam, corresponding to four different input Stoke's parameters. These parameters are found by measuring the intensities with different polarizations (horizontal, vertical, left and right circularly polarized and both diagonal). This method is also known as successive probing method [16] and it needs 24 intensity measurements with known input Stoke's parameters. In Mueller matrix imaging polarimetry (MMIP), one can obtain Mueller matrix by taking 16, 36 or 49 images [17] . In one of the earlier studies, to obtain the Mueller matrix, Azzam presented a technique called photo polarimetry that uses two quarter wave plates (one in polarizing optics and another in analysing optics) rotating at speeds ω and 5ω [18] . Alternatively, the present study provides a novel and simple method to determine the Mueller matrix of an optical element using two SM gadgets. The theory of this method is discussed in section 2 and experimentally demonstrated in section 3.
Theoretical Analysis
The Stoke's vector describes the complete polarization state of an electromagnetic wave. When an optical beam with Stoke's vector (S) passes through an optical element, the output Stoke's vector (S) can be written as
where S andS are four element column vectors and M is a 4 × 4 matrix defined as Mueller matrix. We form two matrices Ω andΩ by arranging the four input and output Stoke's vectors as four columns
Using Eq. (1), the relationship between Ω andΩ can be written asΩ
The four input states forming Ω, must be on the surface of the Poincaré sphere. The projection of each output stateS 1 ,S 2 ,S 3 ,S 4 on input states S 1 , S 2 , S 3 , S 4 gives the 16 non-negative real numbers which form the elements of projection matrix Λ. These elements are given by
where i, j = 1 to 4 and S α i denotes the α th element of i th Stoke's vector and Λ ij is the projection ofS i state on S j state. Therefore, the projection matrix
As a consequence, Mueller matrix M can be written as
To obtain Mueller matrix, one needs to choose four input states and determine the corresponding projection matrix. For the sake of completeness, we have considered three tetrahedrons on the Poincaré sphere as three sets of input states. The four vertices of each tetrahedron form a set of input states with a maximum value of determinant for Ω matrix. We have selected these three tetrahedrons to optimize the errors in Mueller matrices [16] . The optimal input states (1, q i , u i , v i )
T for any polarimeter, should obey the following conditions. 
By solving these equations, one can get a number of optimal states for polarimetry. The Stoke's parameters (S The sum of four vertices for these tetrahedrons on the Poincaré sphere is origin, the center of mass, and corresponds to the maximally mixed (completely unpolarized) state. Optimal states for polarimeter should have minimum norm and condition number along with the maximum determinant. Here, we have considered Frobenius norms and condition numbers due to their direct dependence of errors in Mueller matrix [16] . These norms and condition numbers of matrix B are determined by formulae
The Frobenius norms, corresponding condition numbers and determinants for three tetrahedrons are (2.8279, 2.8280, 2.8349), (4.4729, 4.4727, 4.4640) and (3.0755, 3.1218, 3.0763) respectively. To generate four input polarization states (S 1 , S 2 , S 3 , S 4 ) belonging to a particular tetrahedron, we have used first SM gadget. For example, to generate a particular polarization state (ξ, η, ζ), the fast axes' orientation of the wave plates in SM gadget are given by the subscripts of Q, H, Q [12] 
where ξ, η, ζ are Euler's angles corresponding to the polarization state. These angles represent the angle made by the frame of reference (ξ) from which observations are made, the phase lag between two orthogonal components (η) in a given polarization state and the rotation (ζ) of that polarization state from horizontal or vertical direction respectively. The angles of Ta 
(13) The sixteen projection elements corresponding to different orientations of wave plates form the projection matrix. We have done experiment for three sets of input states forming vertices of tetrahedron on the Poincaré sphere and corresponding projection matrices are obtained. The reported Mueller matrix is the average of all three Mueller matrices corresponding to three sets of input states.
Experimental Details
The experimental set-up for the generation of input polarization states and to obtain projection matrix for calculation of the Mueller matrix is shown in Fig. 1 . A He-Ne laser having wavelength 632.8 nm and vertical polarization is used for this study. Laser beam is allowed to pass through a polarizer P 1 to increase the ratio of vertical to horizontal polarization of the laser and to set the reference for fast axis of all the polarizing elements. Vertically polarized light is then passed though the first SM gadget (Q 1 H 1 Q ′ 1 ) to generate four input states. These four states are further passed though a given sample whose Mueller matrix needs to be determined. The projections of resulting states from the sample on the four input states coming from first SM gadget with respect to initial polarization (set by P 1 ) are obtained by using a second SM gadget (Q 2 H 2 Q ′ 2 ) and an analyzer (P 2 ) whose transmission axis is parallel to the initial polarizer. To obtain this, the wave plates in second SM gadget are rotated in such a way that it will compensate the polarization changes occurred in the initial state while generating them. The angles are obtained simply by adding 90
• to the angles used in first SM gadget (Table 1) . For example, to get the projections of first output state, we fix the first set of angles ( • to the wave plate orientations corresponding to four polarization states of the tetrahedron with second SM gadget. Thus, we repeat the experiment for four sets of angles corresponding to four input states to obtain 16 non-negative projection elements as discussed in Eq. (4). The same procedure is repeated for other two tetrahedrons also. These elements form a 4 × 4 projection matrix which is required to determine the Mueller matrix by using Eq. (6). The resultant Mueller matrix is the average of three matrices corresponding to input states of the three tetrahedrons. An optical multimeter with an accuracy of 0.2% and resolution of 0.01 pW is used to measure the output power. We are using three known optical elements − free Table 1 . Angles of rotation for wave plates in SM gadget 1 to generate the four vertices of three tetrahedrons.
space, half wave plate and quarter wave plate as samples. We have used zero order quartz wave plates from Melles Griot for making SM gadgets as well as samples for measuring Mueller matrices. These wave plates are mounted on a motorized computer controlled cylindrical rotation stages with a resolution of 0.04
• . The quoted retardance tolerance of the wave plates is λ/200 to λ/500. To begin with, we have aligned the fast axes of all the wave plates as vertical. To assure that the fast axes are perfectly vertical, we put an analyser with its fast axis perpendicular to the initial polarizer. Each optical element is separately aligned in such a way that we get a minimum power in the power meter. 
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Results and Discussion
We have experimentally determined the projection matrices for free space, half-wave plate and quarterwave plate with their fast axes as vertical. The obtained projection matrices, represented by the symbols Λ
where i = 1−3 represents a particular tetrahedron. To obtain Mueller matrices for all three optical elements, we have used projection matrices in Eq. (6). We have taken the average of three Mueller matrices corresponding to different tetrahedrons for a given sample. The average Mueller matrices from the experiment are denoted with symbols M
for free space (f ree), half wave plate (H) and quarter wave plate (Q) respectively. All the projection and Mueller matrices are normalized with their first element.
To obtain the theoretical projection matrices, we have used Jone's matrix analysis. The projection elements represent the fraction of the input intensity of a light beam after passing through all optical elements. They have been obtained from the output Jone's vectors of the beam. The Jone's vector (J) of a light beam and corresponding intensity (I) is given by
The output Jone's vector has been determined from the product of Jone's matrices of all optical components in the same order as shown in experimental set up ( Fig.  1 ) with input Jone's vector.
We have used the following Jone's matrices for wave plates and polarizers [19] . For a wave plate, with retardation φ and fast axis orientation θ, the Jone's matrix is given by
and for a polarizer, with fast axis orientation θ, it is
The sixteen non-negative and real projection elements have been obtained for 16 sets of orientations of wave plates in SM gadgets which form a projection matrix. The theoretical projection matrices are denoted with symbols Λ 
tr(N ) = 2m 00 and tr(MM
Eq. (17) proves that the chosen optical elements are nondepolarizing elements. The last equation is a constrain on degree of polarization for a physical system, that is also satisfied in our case [21] . We have calculated the retardance for QWP and HWP by decomposing their Mueller matrices [1] . The retardations of HWP and QWP are 0.997π, 0.501π respectively. These errors are with in the quoted tolerances by the manufacturers. The experimental conditions are same for all measurements i.e. there is no necessity of inserting or removing optical components during the experimental observations, which minimizes the errors in Mueller matrix elements.
Error Analysis
The main sources of errors in this set up are the deviations in fast axes of wave plates from vertical axis and errors in their retardance. Along with these, fluctuations in the intensity of light and the measurement by the power meter also contribute to errors in Mueller matrix of the element. We have neglected the error due to tilt of the wave plates which has been taken care in the alignment of the set up. The error analysis of the total system is done by the procedure followed in [22] [23] [24] . The whole experimental set up can be realized with the Jone's matrices and written as [19] Λ
where I denotes the intensity recorded by the detector, J P (θ), J R (φ, θ) denote Jone's matrices for the polarizer rotated by an angle θ and the retarders having retardation φ rotated by an angle θ respectively, RH and RQ denote the retardation offered by HWP and QWP respectively, P 1 and P 2 are the angles of rotation of polarizers, O is the object for which the Mueller matrix is determined and L denotes the laser. Λ denotes the power shown by the power-meter. In Jones vector study, L representing a vertically polarized light with a 2 × 1 column vector and all other optics are 2 × 2 matrices. The full quantity inside the function I is a 2 × 1 matrix. The power meter values provide the elements of the projection matrix. From the different manufactures of the optics and rotation stages, we obtained the tolerances or mean error introduced by the individual elements. Considering these errors to be uncorrelated, we can write the variance introduced in Λ due to all the optical elements is [23] σ Λij = all x ∂f ∂x 
Using eqs. 19-21, we can evaluate the errors corresponding to all the elements of Λ matrix. After obtaining the error in projection elements, we have introduced the 1% intensity variation due to laser and 0.2% due to the detector. Now we do the same error propagation analysis with 16 variables present in projection matrix to obtain the error in Mueller matrix elements as 
Experimentally observed errors are close to the theoretically calculated errors in Mueller matrix. In our experiment, the maximum error obtained in individual elements while calculating Mueller matrices are ±0.020, ±0.016, ±0.013 for free space, half wave plate and quarter wave plate respectively. These errors are within the limits as calculated in eq. 22. Now we compare our results with other methods based on polarimetry. The maximum error in the Mueller matrix determined by Dev et al. [26] with simple polarimetry is ±0.0985. Goldstein et al. [25] experimentally determined Mueller matrix with the maximum error of ±0.034 by using dual rotating retarder method. Bueno [27] obtained Mueller matrix with the maximum error of ±0.014 by using the liquid crystal variable retarders whose retardance is changed by applied voltage. Baba et al. determined Mueller matrix by imaging polarimetry that uses variable rotators and retarders [28] . They have obtained the maximum error ±0.0353 by taking 16 images and ±0.0138 while taking 36 images. We have taken the Mueller matrix of free space for comparing the error with other methods. The present method uses simple wave plates and takes just 16 measurements.
Conclusions
We have discussed a new and simple technique to determine the Mueller matrix of an optical element by using two SM gadgets and it's efficacy has been verified for three known optical elements i.e. free space, half wave plate and quarter wave plate. One may use this gadget in quantum process tomography [30] and polarization state tomography [29] which finds diverse applications in quantum information.
